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What is network analysis? 
 
Network analysis is, as the name suggests, a mathematical method for analyzing 
‘networks’. A network is simply a pattern of interconnected nodes in which each 
node is represented by a differential equation. A differential equation gives us the 
rate of change in some quantity as total inputs minus total outputs. For example, 
each node might represent a chemical reaction in a biochemical pathway through 
which carbon (perhaps from glucose) flows. The inputs will be from one or more 
immediately previous reactions in the pathways supplying carbon and the outputs 
will represent the product of the reaction moving on to one or more other 
reactions. Alternatively we might model the enzymes catalyzing the reactions as 
nodes and model the flow of activating (and inhibiting) signals from enzyme to 
enzyme. 
 
Another example is the neural net. Each node could represent a neuron in the 
neural net and the differential equation might give us the level of activation or 
firing of the neuron: inputs may be signals from other neurons (as nodes) 
sending excitatory signals to the neuron (node) or sensory inputs from the 
environment and this will be offset by any neurons sending inhibitory signals not 
to fire and by the natural tendency of the neuron to return to rest. The differential 
equation will then determine whether the node fires and the strength of its output 
signal. This is the basis of artificial intelligence. The basic methods were 
originally developed by psychologists and neural scientists to study neural 
circuits and have been adapted by computer scientists and engineers for 
numerous applications. It is often said that the nodes in neural nets do not model 
neurons. Whilst it is true that a real neuron is more complex in its behavior than a 
node in network analysis, a node can nevertheless model a neuron in a simple 
way as a lumped parameter model in which the essence of the neuron’s behavior 
is encapsulated in a differential equation. The author has also successively 
developed other methods of analyzing neural networks that do not rely on 
differential equations and allow a wider range of realistic behaviors to be given to 
each node. The author’s students have made good use of network analysis in 
analyzing circuits in the brain. 
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Another popular biological use of network analysis is in modeling cell signaling 
pathways through which signals flow. Each node can represent a signaling 
molecule or a signaling module (in a lumped parameter model in which the action 
of several interacting molecules is represented by a single node). This may also 
incorporate enzymes that are part of biochemical pathways. Outside biology too, 
network analysis has numerous applications. 
 
Whatever the application we end up with a series of simultaneous differential 
equations, one for each node, which must be solved by updating their states at 
regular small intervals of time. This can be done using numerical methods such 
as Euler’s method. Modern PCs have sufficient computing power for most 
modeling purposes. 
 
Why use network analysis? 
 
Networks exhibit complex behaviors with emergent properties. Emergent 
properties are behaviors that would not be intuitively expected: ‘The whole is 
greater than the sum of its parts’. Network analysis can inform us as to the 
importance of particular signaling motifs, motifs that may repeat in many different 
situations, such as kinase modules. Network analysis can also examine the 
importance of apparent ‘redundancy’ in such systems. Redundancy occurs when 
cell signaling pathways appear to be more complicated than required, with some 
features apparently serving no useful purpose. This is usually interpreted as 
conferring evolutionary plasticity (redundant parts of a system can evolve without 
destroying the system’s functionality in an ‘experimental’ manner) or as being a 
relic of evolution during which newly acquired modules are ‘grafted’ onto the 
existing system. While this may be the case, one can not reliably conclude that a 
particular feature is redundant without first subjecting it to network analysis: it 
may have some unexpected effect in the timing of signals or in amplifying signals 
or filtering out noise, etc. Network analysis has also been used to compare 
different systems that perform similar jobs in different organisms, again to help us 
understand whether such differences are simply artifacts of evolution or whether 
they have functional importance. 
 
The aim of this paper is to illustrate some of the key features of signaling 
networks as illuminated by network analysis. The focus will be on the 
chemotactic signaling system of bacteria, in particular Escherichia coli. This is 
the best studied of all cell signaling systems. There are more complicated 
systems that may illustrate additional features, but the E. coli system will serve 
as a useful introduction. The aim is not to review the extensive literature that has 
already employed network analysis in the study of this chosen system. Some 
existing models are quite extensive, intricate and elaborate and quantitative as 
well as qualitative. The aim here is not to improve or advance on such models, 
but rather to illustrate some of the key principles of the signaling network with a 
ground-up approach, in the hope that students and scholar of biological sciences 
will gain a deeper understanding and appreciation. Again, the author has had 
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students make excellent use of network analysis in analyzing cell signaling 
pathways. Such exercises can enhance understanding of cell signaling 
considerably. 
List of abbreviations 
 
A = CheA 
Ap = CheA~P 
CW = clockwise 
L = ligand 
R = inactive receptor 
Ra = activated receptor 
S = strength of motor response to CheY 
M = motor CW rotation bias 
Y = CheY 
Yp = CheY~P 
 
 
The Basic Model – Receptor activation by repellant 
 
In Escherichia coli binding of repellant to the receptor activates the signaling 
system to increase CW (clockwise) bias of flagella rotation, favoring tumbles 
(random changes in direction). Conversely, binding of attractants to the receptor 
inhibits signaling. This may seem counter-intuitive, but the system works as well 
either way (though in nature E. coli appears to respond more often to attractants 
so perhaps this arrangement is more energy efficient). See: for an overview of 
chemotactic signaling in E. coli. The rate of change of receptor-ligand complex is 
given by: 
 

aba
a RkRLk

dt

dR
        (1a) 

 
Where Ra is the concentration of receptor-repellant complex. This represents the 
reversible reaction: 
 

aRLR           (1b) 

 
Where L is the repellant ligand, R is the concentration of free receptor, Ra is the 
concentration of activated receptor that is receptor bound to ligand, i.e. the 
receptor-ligand complex assuming, for the moment, that one ligand molecule 
binds to one receptor molecule. The forward rate constant is ka, the reverse rate 
constant is kb. 
 
The concentration of Ra is represented in Java by: 
 
RA = RA + ((RKA*L*(initialR-RA) - RKB*RA)*stepSize);   (1c) 
 



 4

Where RA is Ra the concentration of activated, i.e. bound, receptor. R is the 
concentration of available receptor, note that R = initialR – initialRA, that is the 
total amount of receptor (initialR) minus the amount that is already complexed by 
ligand. RKA is ka and RKB is kb, etc. 
CheA activation / phosphorylation 
 
The binding of repellant to the receptor causes CheA activation by 
phosphorylation. The rate of change in CheA-P (CheA~P) concentration is 
modeled by the differential equation: 
 

pdac
p AkARk

dt

dA
        (2a) 

 
pA = pA + ((RKC*(RA)*(initialA-pA) ) - RKD*(pA))*stepSize;  (2a) 
 
Where A is the concentration of CheA and Ap the concentration of CheA~P. The 
forward rate constant is kc (RKC), the reverse rate constant kd (RKD). 
 
CheY activation / phosphorylation 
 

pfpe
p YkYAk

dt

dY
        (3a) 

 
pY = pY + (RKE*pA*(initialY-pY) - RKF*(pY))*stepSize;   (3b) 
 
Where pY is the concentration of CheY~P (the activated form of CheY);  initially 
is the total amount of CheY and the amount of non-phosphorylated CheY, Y = 
(initialY – pY). 
 
Motor switching – CW rotation bias 
 
When the one or more of the flagella motors of E. coli rotate CW, there is an 
increased probability of tumbling, during which the bacterium stops swimming in 
a straight line and changes orientation to a random bearing. The CW rotation 
bias is computed as the probability of CW rotation and expressed as a 
percentage and so can take values from 0 to 100 inclusive. This is modeled as a 
sigmoidal or logistic function. 
 
For an attractant the sigmoidal function is given by: 
 

)exp(1

1
)(

pYS
motorBiasM


       (4a) 

 
M = (motorBias)*(1+Math.exp(S*pY));     (4b) 
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Whilst for a repellant it is given by: 
 

))exp(1)(( pYSmotorBiasM        (4c) 

 
M = (motorBias)*(1+Math.exp(S*pY));     (4d) 
 
 
The motor bias sets the default probability of CW rotation of the flagellar motor in 
the absence of ligand. A typical value for motorBias is 0.5 x 46.5 for Escherichia 
coli in the repellant model. When pY = 0, this gives a basal CW bias of 46.5%, 
meaning that in the absence of ligand the motor rotates CW 46.5% of the time. 
For the attractant case, the same zero-stimulus bias of 46.5% is obtained with a 
motorBias = 2.0 x 46.5. The parameter S sets the strength of the motor response 
to binding of CheY~P, in other words it is a coupling constant for the binding of 
CheY~P to the motor switch complex. A typical value used is S = 0.1. 
 
Some typical results are shown in fig. 1. A pulse of ligand activates CheA which 
activates CheY resulting in a transient increase in the probability of CW rotation 
of the flagella, resulting in an increased probability of tumbling. 
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Figure 1. Response of the basic model with the following parameters: rate 
constants ka = 1.0, kb = 0.1, kc = 0.1, kd = 0.2, ke = 0.1, kf = 0.2; initial values for 
receptor, CheA and CheY = 10.0 and S = 0.1. Each graph shows concentration 
or motor CW rotation bias on the vertical axis and time in arbitrary units along the 
horizontal axis. 
 
 
Model with feedback 
 
Suppose CheY feeds back to either the receptor or CheA. In E. coli no such 
feedback has been found or reported. However, such feedback is thought to 
occur in Bacillus subtilis (see Rao et al. 2004). Let us first incorporate negative 
feedback to inhibit cheA activation. This requires a modification to the original 
equation for CheA~P. The new equation is: 
 

pd
p

acp Ak
YN

ARk

dt

dA






1

       (5a) 

 
pA = pA + (RKC*RA*(initialA-pA) / (1 + negFeedback*pY) - RKD*pA)*stepSize;  
 

(5b) 
 
Where N (negFeedback) is a parameter determining the intrinsic strength of the negative 
feedback. Note the constant in the denominator, which in this case set equal to +1 for 
simplicity, is necessary to ensure that the equation reduces to that without negative 
feedback (2) when N = 0. (Division by zero not being allowed of course). 
 
A typical set of results are shown in fig. 2.  When compared to fig. 1 it can be seen that 
the chief effect of the negative feedback is to give a sharper response of the flagella 
motor to the ligand pulse: the CW bias decays back to the preset level more rapidly once 
the ligand pulse has ended. How significant this fine-tuning is to the chemotactic and 
feeding response of the bacterium can be assessed by stochastic computer simulations. 
 
The effect of increasing the strength of negative feedback is shown in fig. 3. The 
response of the motor has been damped in amplitude. This results from an overly strong 
inhibition of CheA, resulting in weaker CheA activation.  
 
The effect of the feedback is to reduce the initial peak strength of the response, 
and then to cause transient partial adaptation. Extending the duration of the 
pulse causes only a very gradual and almost imperceptible further decrease in 
the response, in other words: there is no significant adaptation. It can be 
concluded that as implemented in this model negative feedback does two things: 
1) it sharpens the off-response and 2) it inhibits the overall response when 
sufficiently strong. 
 
Interestingly but perhaps not surprisingly, when the negative feedback serves to 
accelerate CheA deactivation rather than to inhibit CheA activation, then the first 
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effect dominates: it sharpens the off-response without inhibiting the overall peak 
response. this is illustrated in fig. 4. 
  
 

 
Figure 2. Response of the basic model with the same parameters as in fig. 1 but 
with N = 0.5, representing weak negative feedback acting to reduce the rate of 
CheA phosphorylation. Each graph shows concentration or motor CW rotation 
bias on the vertical axis and time in arbitrary units along the horizontal axis. 
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Figure 3. Response of the basic model with the same parameters as in fig. 1 but 
with N = 2.0, representing strong negative feedback acting to reduce the rate of 
CheA phosphorylation. Each graph shows concentration or motor CW rotation 
bias on the vertical axis and time in arbitrary units along the horizontal axis. 
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Figure 4. Response of the basic model with the same parameters as in fig. 3 but 
with the negative feedback increasing the rate of CheA~P deactivation. Each 
graph shows concentration or motor CW rotation bias on the vertical axis and 
time in arbitrary units along the horizontal axis. In contrast to figs. 2 and 3 this 
type of feedback accelerates the rate at which the response returns to pre-
stimulus values once the ligand pulse has terminated. 
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Cooperativity can filter out noise 
 
Our next experiment looks at cooperativity. By this we mean what if a receptor 
has more than one binding site for its ligand and binding of each ligand to one of 
the sites either increases (positive cooperativity) or decreases (negative 
cooperativity) the probability of further ligands binding. Let us consider just 
positive cooperativity here. The classic example of positive cooperativity is 
oxygen binding to the four oxygen-binding sites on a molecule of haemoglobin. In 
this instance, cooperativity is brought about by taking four separate polypeptide 
chains, each with a single oxygen-binding site binding to one-another in some 
way that they influence the conformation of one-another; such that binding of 
oxygen to one causes the oxygen binding sites on the other three to change 
conformation and increase their receptivity to further oxygen molecules. 
 
Cooperativity is increasingly being shown to be important in cell signaling 
systems. It may occur at one or more steps in a pathway, but in this case we 
shall model it solely as the receptor exhibiting cooperativity. Structural studies 
strongly suggest that the ligand receptors in the e. coli chemotactic signaling 
pathway exist as dimers, but that each dimer may function as a single unit but 
further that the dimers are associated in larger groups, chiefly groups of 3 
dimers: trimers of dimers. This gives us a level of cooperativity of 3, compared 
to about 4 for haemoglobin. The level of cooperativity is represented by the Hill 
coefficient and in this case we model a Hill coefficient of 3. 
 
Cooperativity can be modeled using Hill’s equation, however, we have modeled it 
from elementary interactions using the following modified equations for receptor 
activation (written as they appear in the Java code): 
 

RA = RA + (RKA*L*(initialR-RA-RA2-RA3) - RKB*(RA))*stepSize;  
RA2 = RA2 + (RKA*2*L*RA*(initialR-RA-RA2-RA3) - 2*RKB*RA2)*stepSize; 
RA3 = RA3 + (RKA*4*L*RA2*(initialR-RA-RA2-RA3) - 4*RKB*RA3)*stepSize; (6) 

 
Where RA (i.e. RA1), RA2 and RA3 are our trimer of dimers. Note that activation 
of RA enhances activation of RA2 by ligand and activation of RA2 enhances 
activation of RA3 by ligand. We then need to modify the equation for CheA to 
respond to RA3 rather than RA. The assumption here is that teh trimer signals as 
a unit to CheA. 
 
Some results are shown in fig. 5. The principle effect is to sharpen the overall 
response (more so than by negative feedback). As can be seen in fig.5, the 
motor response more precisely mirrors the original ligand pulse in duration. 
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Figure 5. Response of the basic model with the same parameters as in fig. 1 but 
with the receptor dimers acting cooperatively in groups of three to allosterically 
enhance receptor activation. This is equivalent to a Hill’s coefficient of 3. Each 
graph shows concentration or motor CW rotation bias on the vertical axis and 
time in arbitrary units along the horizontal axis.  
 
 
 
The cooperativity experiment was modified to include cooperativity between 
CheA subunits: CheA is known to form dimers. The results are shown in fig. 6. 
The main result is a further ‘tuning’ or sharpening of the motor response to match 
the ligand pulse more closely. 
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Figure 6. Response of the basic model with the same parameters as in fig. 5 but 
with the addition of allosteric enhancement between CheA monomers. This is 
equivalent to a Hill’s coefficient of 3 for the receptors and 2 for CheA. What 
overall Hill coefficient does this equate to? It would be possible to find out by 
carrying out further experiments. Each graph shows concentration or motor CW 
rotation bias on the vertical axis and time in arbitrary units along the horizontal 
axis. 
 
 
Another well-established effect of cooperativity is noise reduction. To see this we 
need to study the effects of very low ligand concentrations on the system. Some 
results of our model are shown in fig. 7. With no cooperativity (i.e. Hill’s 
coefficient = 1) the response is hyperbolic: very low concentrations of ligand 
cause a significant response. At increasing levels of cooperativity the response 
becomes sigmoidal, with very low concentrations of ligand causing no significant 
response: noise has been filtered from the signal! 
 
We conclude that cooperativity filters out background noise from a signal. Such 
noise could be external, e.g. stray molecules of ligand binding to a receptor, or 
internal, such as an unbound receptor flipping occasionally into an active 
conformation (with low probability and low probable duration). Either way, signal 
noise carries no useful information and would produce inappropriate responses 
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in the bacterium: it does not want to waste its time chasing apparent food 
sources that do not exist!  
 
The particular threshold that is set between noise and useful signal depends on 
the system and the situation (in the sensory nervous system of mammals, for 
example, this threshold is dynamic and lowers when danger threatens, since a 
few false alarms may be warranted in a life or death situation). 
 
 

 
Figure 7. The effects of ligand concentration on CheA activation (concentration 
of CheA~P) for: 1) a Hill coefficient of 1 (i.e. no cooperativity) – left-most curve 
(squares); 2) a Hill coefficient of 3 (middle curve, triangles) and 3) a Hill 
coefficient of 6 (right-most curve, diamonds). Note that cooperativity converts the 
response from a hyperbolic curve to a sigmoidal one. 
 
In E. coli chemosensing has been estimated to have very high cooperativity, with 
a Hill coefficient of 15 to 20 for at least one type of chemoreceptor (Lai and 
Parkinson cited in Piñas et al., 2016). Structural analyses support a model in 
which trimers of the receptor are complexed with CheA, via the adaptor protein 
CheA into hexagonal arrays of 6 trimers per unit, or 18 receptors in total 
complexed together indirectly and this may account for the high Hill coefficient, 
although the exact mechanism is not fully understood. 
 
 
Adaptation - modeling receptor methylation rates 
 
Finally, we experiment with adaptation. Receptors can be either tonic 
(responding to the absolute strength of a signal, e.g. ligand concentration) or 
dynamic (responding to changes in signal strength, e.g. changes in ligand 
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concentration). So far we have only modeled the receptors as tonic. However, in 
E. coli the receptors are dynamic, responding to changes in ligand concentration. 
Changes carry the most useful information: an organism often needs to respond 
only to changes in its environment, if nothing changes then there is little point 
responding. E. coli will respond to changes in ligand concentration because it 
needs to either move towards the source (e.g. a source of food) or away from the 
source of an irritant. Thus, it needs to be able to sense stimulus gradients. Being 
so small it does this (primarily at least) by measuring ligand concentration 
changes over time as it swims about sampling a larger region of space. this 
requires a cellular memory. 
 
Adaptation is the process whereby a signaling or sensory system gradually 
responds less and less to a constant stimulus, resetting its threshold when it 
ceases responding altogether. Such a system will respond again, however, if the 
signal (stimulus / ligand) changes in strength again at a later time. the system 
resets when the stimulus is constant, maximizing its sensitivity to any further 
changes.  
 
In E. coli, receptor adaptation is brought about by regulating the level of receptor 
methylation. CheR which is always (constitutively) active and it methylates the 
receptors: it covalently attaches ‘methyl groups’ (-CH3) to them at a constant rate. 
CheB, which like CheY is activated by CheA, demethylates the receptors, but 
only following CheA activation. Methyl removal by CheB resets the system (after 
it responds actively to a repellent) by bringing about receptor adaptation. This 
causes the response to decline over time if the ligand concentration remains 
constant after an initial increase.  
 
Methylation of the receptor can be modeled by the following equations: 
 
1) For activation of CheB by CheA~P (pA): 
 
pB = pB + (RKG*pA*(initialB-pB) - RKH*(pB))*stepSize;   (7a) 
 
Where: pB = CheB~P, RKG and RKH and forward and reverse rate constants 
respectively for activation by CheA (pA = CheA~P). E.g. set RKG = 0.1 and RKH 
= 0.2. 
 
2) For methylation rate: 
 
Methylation/demethylation rates of the receptor are represented by the 
differential equation 7b taken from Rao et al. 2004: 
 

AB

ApB

iR

iR

TK

TBk

TK

RTk

dt

dm





         (7b) 
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Where kR is the rate constant for binding ocf CheR to inactive receptor, R is the 
concentration of CheR, Ti is the concentration of inactive receptor, KR, is the 
Michaelis constant for CheR methylation; kB is the rate constant for CheB 
binding to active receptor (TA) and KB is the Michaelis constant for CheB 
demethylation of receptor. The key assumption here is that CheR only binds to 
inactive receptor whilst CheB only binds to active receptor, assuming that each 
receptor has only two states: on (active) and off (inactive). 
 
This equation is represented in Java as: 
 
Met = Met + 10*((KR*R*(initialR-RA))/(KRM + (initialR-RA))  

- KBM*pB*RA/(KB + RA) )*stepSize; 
     (7c) 
 

Where:  KR = 0.5 is the rate constant for cheR binding to inactive receptors 
(initialR-RA); R is the concentration of CheR, assumed consttant; KRM is the 
(Michaelis) constant for the rate of methylation by CheR; KBM is the (Michaelis) 
constant for the rate of demethylation by CheB (pB = CheB~P). Note: modeling 
enzymes with Michaelis-Menton kinetics is a simplification based on certain 
assumptions; an alternative would be to model these enzymic processes as 
elementary reactions. E.g. set: KRM = 0.2, R = 1, KBM = 0.2 and KB = 0.1. 
 
 
3) For modifying receptor activity according to methylation level (Met): 
 
RA = RA + (RKA*L*(initialR-RA)/(100-Met) - RKB*(RA))*stepSize;  (7d) 
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Figure 8. Results of an adaptation experiment in which methylation regulates 
receptor activity with a longer ligand pulse. Note that the response reaches an 
initial maximum and then gradually declines as the receptors adapt to the ligand 
concentration. 
 
 
Lastly, fig. 9 illustrates the effect of ligand concentration on adaptation time, 
which is a hyperbolic curve. 
 
Two common and striking features of many cell signaling systems not illustrated 
in this article, are 1) amplification of the signal and 2) the oscillation of signals. 
Network analysis can readily generate damped or undamped oscillations in 
activity such as found in a number of cell signaling systems. At first, intuitive 
attempts to do this may fail, but once you know what kind of motifs generate such 
oscillations they can be readily modeled using feedback loops. often the 
biological significance of such oscillations is not apparent, but that does not 
mean they have no functional significance. (In neural circuits, for example, 
frequency encoding is often employed). Network analysis provides a useful tool 
to explore such oscillations further (and may be the subject of a subsequent 
article). Indeed, network analysis can be illuminating when applied to many cell 
signaling systems, whether the end model succeeds or not, and the author would 
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strongly recommend the use of such projects in undergraduate bioscience 
education. Students only need to be given the essential minimum mathematics 
and computer coding to carry out such projects and some students will excel at 
this and develop useful and interesting models that give a deeper insight into the 
apparent complexity of cell signaling systems. 
 
 

 
 
Figure 9. The relationship between adaptation time (measured as time taken for 
the response to drop to 50% of maximum) versus ligand (repellent) concentration. 
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